The shapes and single-scattering properties of small, irregular, quasi-spherical ice crystals, with equivalent radii between approximately 8 and 90 m and size parameters from about 90 to 1000, are studied using twodimensional images measured by a cloud particle imager in midlatitude cirrus during the 2000 Cloud Intensive Operation Period conducted over the Atmospheric Radiation Measurement program's Southern Great Plains site. A statistical shape analysis of the ice crystal images is carried out to obtain size-dependent relative standard deviations of radius and correlation functions of logradius, which together define the shape statistics of the sample ice crystals. The former describes the overall variation in the lengths of radius vectors defining the particle surface from a given origin, whereas the latter describes correlations of lengths of radius vectors as functions of angular distance between them. The logradius is essentially the natural logarithm of radius. There is no strong dependence of the shapes of these particles on size. The retrieved correlation functions resemble a power-law correlation function closely, suggesting that the shape statistics based on the power-law correlation function can be used as a first approximation for the shapes of small, quasi-spherical ice crystals in cirrus. By using the retrieved shape statistics as input, a Gaussian random sphere geometry previously used to describe the shapes of desert dust particles is used to generate model particles that obey the retrieved shape statistics. The single-scattering properties of these particles are then computed at a wavelength of 550 nm using ray optics. The scattering simulations give asymmetry parameters around 0.76, slightly smaller than values suggested from previous studies using Chebyshev polynomials to describe the shapes of quasi-spherical ice crystals. Assuming a flux accuracy criterion at the top of the atmosphere of Ϯ5% is needed, this difference in asymmetry parameter is significant.
Introduction
Tropospheric ice clouds cover approximately 20%-30% of the earth as observed from space (Takano and Liou 1995) . General circulation model (GCM) and satellite studies both show that these clouds have a major effect on the earth's radiation balance and climate due to their ability to reflect solar radiation effectively back to space and absorb thermal emission from the ground and lower atmosphere. The former affects the amount of solar radiation reaching the ground, whereas the latter affects the diabatic heating taking place in the upper troposphere as well as the amount and the spectral distribution of thermal radiation reaching space.
Unlike water clouds, ice clouds are composed of particles that are clearly nonspherical, meaning that calculations of the single-scattering properties of ice crystals are more difficult. In order to accurately model these properties, information on the shapes and orientations of ice crystals are required. These calculations are needed because climate simulations are sensitive on the as-sumptions made about the scattering properties of ice clouds that of course depend on estimates of the same properties for single crystals (Stephens et al. 1990 ). Interpretation of satellite observations also depends on assumptions made about the single-scattering properties of ice clouds (e.g., Liou et al. 2000; Yang et al. 2001; Nasiri et al. 2002) .
There have been multiple studies on the single-scattering properties of ice crystals and different methods have been used to calculate their single-scattering properties. Liou (1989, 1995) were among the first to develop a theoretical framework for computing the single-scattering properties of ice crystals, starting with the properties of hexagonal columns and later extending to other shapes. Recently, Yang et al. (2000) has used an improved geometric ray-tracing method to calculate the single-scattering properties of other pristine ice crystals, including bullet rosettes, dendrites, aggregates, hollow columns, and other shapes. Liou et al. (2000) have developed a unified theory for calculating single-scattering properties for any size and wavelength. Until recently, these studies have mostly considered pristine, ideal ice crystals. However, a large portion of ice crystals in tropospheric ice clouds appear to be nonpristine or even irregular (e.g., Francis 1995; Macke and VOLUME
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Mishchenko 1996; McFarquhar and Heymsfield 1996; Yang and Liou 1998; Heymsfield and McFarquhar 2002) . The percentage of pristine ice crystals in tropospheric ice clouds is not well known. Because of the common, but to the best of our knowledge undocumented, observation that halos about tropospheric ice clouds have strongly variable quality with poor quality dominating, it is suggested that cases when scattering of solar radiation is dominated by pristine ice crystals are rare. Further, Korolev et al. (1999) used fine-resolution images of ice crystals to estimate that only 3% of ice crystals observed in Arctic clouds had pristine habits such as columns, needles, plates, and dendrites.
During the Central Equatorial Pacific Experiment (CEPEX), McFarquhar and Heymsfield (1996) showed that a big fraction of large ice crystals, hereafter referring to crystals with maximum dimensions D Ͼ 100 m, observed in tropical cirrus anvils associated with deep convection did not have easily identifiable shapes and hence were classified as irregular. They also used a new Video Ice Particle Sampler (VIPS) to measure the shapes and sizes of the ice crystals as small as 10 m, smaller than previously sampled. The shapes of these small ice crystals, hereafter referring to ice crystals with D Ͻ 100 m, differed substantially from large crystals in that over 90% were quasi spherical. For the purpose of that study and for this one, quasi spherical means that the projected areas of the particles are similar to those of a circle with diameter given by the maximum dimension of the measured crystal, yet particle shapes exhibit deviations from a spherical shape. From the data used here, a ratio of surface areas of a mean-radiusequivalent sphere and a maximum-dimension-equivalent sphere has a mean of 0.69 and a standard deviation of 0.11. During CEPEX, large ice crystals undertook a wide range of shapes, from pristine habits (columns, plates, side planes, bullet rosettes) to more irregular or aggregate shapes, but rarely exhibited quasi-spherical shapes.
Since CEPEX, other investigators have found a plethora of these quasi-spherical ice crystals in a wide variety of geographical regimes and meteorological situations. These quasi-spherical crystals frequently occur in close proximity to larger particles that have substantially different shapes. Although the actual concentrations of the quasi-spherical particles are somewhat uncertain, it is known that the abundance of the quasi-spherical particles is sufficient to modify cloud radiative properties .
Accurate representations of both these large and small crystals are required for accurate calculations of the mean scattering properties of ice crystals. McFarquhar et al. (2002) attempted to model the scattering behavior of collections of crystals by weighting the single-scattering properties of individual ice crystals according to scattering cross section and number concentration estimated from observed size and derived shape distributions of ice crystals, showing that both large and small ice crystals contributed to the mean scattering properties of cirrus. In this paper, improved representations of the scattering properties of small quasi-spherical crystals are studied. Issues such as the representation of larger crystal shapes and the variabilities in size and shape distributions between different clouds are beyond the scope of this study.
There have been fewer prior studies on the detailed treatment of the shapes of these small quasi-circular crystals and how it impacts the calculation of their single-scattering properties. McFarquhar et al. (1999) simply assumed that these small crystals were spheres, whereas McFarquhar et al. (2002) described their shapes by Chebyshev particles, which are obtained by continuous deformations to a sphere using Chebyshev polynomials (e.g., Mugnai and Wiscombe 1980) . McFarquhar et al. (2002) used the shapes of Chuang and Beard (1990) to describe the ice crystals, choosing coefficients to ensure that the observed and modeled areas matched for different size ranges of crystals. More recently, Yang et al. (2003) have described the shapes of these small quasi-circular crystals by droxtals, which have 20 faces, aspect ratios near unity, and a more complicated geometry than a pristine hexagonal crystal. Further, they used a finite-difference time domain method to calculate the single-scattering properties of these particles for size parameters smaller than 20.
The proper single-scattering modeling of such small ice crystals calls for a statistical shape model based on shape statistics obtained from observed ice particles. Such a study has not been previously carried out. Since the development of a cloud particle imager (CPI) instrument by Stratton Park Engineering Co. (SPEC, Inc.), high-quality 2D images of tropospheric ice crystals observed in situ have become available. In this study, a method to retrieve information about the shape of the quasi-spherical particles is introduced. In section 2, the dataset of ice crystal images from the CPI measurements is detailed. Based on a statistical shape analysis of CPI images, a statistical shape model is derived for the quasispherical ice particles and the single-scattering properties of these particles are computed at a wavelength of 550 nm applying a ray optics approximation, that is, assuming that particles are much larger than the wavelength. The theoretical aspects of the shape analysis, the application of the model shape geometry, and the scattering theory for the ray-optics approximation are described in section 3. The results of the shape analysis and subsequent light-scattering simulations, along with sensitivity tests of the inversion method, are given, discussed, and compared with literature values in section 4. Finally, the conclusions are given in section 5.
Ice particle data
An objective of the Atmospheric Radiation Measurement (ARM) 2000 Cloud Intensive Operation Period (Cloud IOP) was to examine relationships between the volumetric distributions of cloud microphysical properties and the transfer of radiation through a cloudy atmosphere. A wide suite of remote sensing instruments, including millimeter radar, lidar, and passive remote sensors, were deployed to the Southern Great Plains (SGP) site, near Ponca City, Oklahoma, in March 2000, to address these issues. In addition to remote sensing data, in situ microphysical data were obtained in midlatitude cirrus in the vicinity of the SGP. One instrument used was the CPI, which provides the high-quality images of ice crystals, needed for this study. During the Cloud IOP, the CPI was installed on the University of North Dakota Citation, which flew spiral descents through cirrus, allowing ice crystals to be sampled at temperatures between Ϫ15Њ and Ϫ50ЊC. Data from nine such spirals are used for this study. The CPI is a relatively new microphysical probe that provides high-resolution (2.3 m) two-dimensional digital images of ice crystals as particles pass through a sample volume. The CPI uses a particle detection system that consists of two continuous wave laser diodes, the intersection of which forms the sample volume of the instrument. When a particle passes through the sample volume, a 60-W imaging laser is pulsed and the image of the particle is cast on the charge-coupled device (CCD) of a digital camera, giving the high-resolution images used in this study. During the spirals, large numbers of quasi-spherical ice crystals were seen with these images, mixed in with images of larger crystals that appeared to be more pristine than the small crystals. There were very few small crystals that did not have quasi-circular shapes and the small crystals frequently appeared in clusters. An overview of the spiral data is given in Table 1 .
Examples of these small, quasi-spherical ice crystals imaged by the CPI are shown in Fig. 1 . The images were chosen to illustrate both the variability of particle shapes and the image quality. The bright and dark zones around particles are caused by diffraction. The small, quasi-spherical ice crystals appear mostly rounded and irregularly shaped in the sense that their shapes cannot be described with a simple function. This use of the term irregular shapes differs from some previous studies of the microphysical properties of cirrus clouds where the term irregular shape has referred to larger crystals whose shapes did not match those of pristine crystals like bullet rosettes (e.g., Korolev et al. 1999) . The shapes observed here can be modeled using a so-called Gaussian random sphere geometry (e.g., Muinonen et al. 1996; Muinonen 2000b) , described in section 3a. The Gaussian random sphere geometry is a statistical shape VOLUME 61
model for randomly deformed spheres and allows for generation of random shapes with known ensemble-averaged shape statistics.
About 100 000 ice crystals were imaged during the nine spiral descents. Because the extraction of particle perimeters from the images is a slow process (described in section 3b) and because the accuracy of the ensembleaveraged shape statistics is estimated to be proportional to the square root of the number of particles used, only a small portion of the images was used to construct the statistical database upon which a description of small particle shapes was based. A sampling strategy was developed to obtain approximately 1000 images in order to provide sufficient sampling statistics, yet with a manageable amount of work needed to process the data. The images used were selected according to the following criteria:
1) The size of the crystal was adequate, meaning that the size was large enough to provide useful shape information and small enough to be consistent with the definition of small, quasi-spherical ice crystals. The resulting crystals selected had average radii roughly in the range from 10 to 50 m, consistent with the definition of small quasi-spherical crystals from previous studies. 2) Quality of the images had to be good, meaning that the crystal and the background were clearly separated and the perimeter of the crystal had to be well defined.
The selection criteria were devised so that the resulting set of images would be unbiased, easy to handle, and of good quality, meaning that minimal amounts of image manipulation would be needed to extract particle shapes from images. To choose the crystals in an unbiased way, the first five ice crystal images that met the criteria at the start of each minute of each spiral descent were selected. In addition, some images with exceptional quality were selected even though they were not among the first five of a minute. These high-quality images were flagged and used for testing purposes.
Following this procedure, 791 small-crystal images were identified to be used for the construction of the statistical shape model. Even though a small fraction of the total images available, this still represents a significant improvement over most prior studies on the shapes of small crystals; McFarquhar et al. (2002) also used over 11 000 images to construct a Chebyshev shape model for small crystals, but their analysis of crystal shapes was less detailed than that presented here.
Theoretical aspects
a. Gaussian random sphere geometry Small, quasi-spherical ice crystals are all individually shaped and the shapes are irregular in a sense that there is no simple function that could describe such shapes.
Due to the irregular nature of the shapes, modeling the shape of even a single particle is not easy. It is difficult to measure a three-dimensional shape so that it could be modeled: there is no simple function for the shape and, if one uses a combination of functions such as a series expansion, there is likely to be a need to store a large number of weighting coefficients and parameters to define even that one shape. In addition, to account for the natural variability of such shapes, many need to be modeled.
However, the modeling becomes easier when a statistical approach is used. Instead of modeling shapes of individual particles, one models the statistical properties of the particle shapes. For this, a statistical shape model called the Gaussian random sphere geometry (e.g., Muinonen et al. 1996; Muinonen 2000b ) was applied to model the shapes of quasi-spherical ice crystals. This model has a number of advantages. First, the statistical shape of a Gaussian random sphere is solely described by a covariance function of radius (or logradius, described below). In many cases, this function can be parameterized with sufficient accuracy using only two parameters. In fact, such a parameterization for quasispherical ice crystals is proposed in this paper. An additional parameter, the mean radius, is needed to specify the size. Second, once these parameters are set, single realizations of the Gaussian random sphere can be randomly generated, and the shape statistics of these generated realizations follow the statistics defined by the input parameters. Because the natural variability of observed particles is included in the shape statistics, the variability is automatically taken into account. Third, it is possible to invert the shape statistics from a set of sample shapes by means of a statistical shape analysis (e.g., Muinonen and Lagerros 1998; Lamberg et al. 2001; Nousiainen et al. 2003) , allowing the model to be fit for particular particle shapes. In fact, there is no need to know the three-dimensional shapes of the particles because the same shape statistics apply both for the three-dimensional shapes and for random intersections (in a plane including the origin of the three-dimensional shape). The Gaussian random sphere geometry has been successfully applied for asteroids (Muinonen and Lagerros 1998) and for desert dust particles (Nousiainen et al. 2003) and is well suited for quasispherical ice crystals, as they are generally irregular and lack sharp corners and other regular features of pristine ice crystals. As nearly equidimensional particles in free fall, they can also be considered randomly oriented. This is consistent with the statistical isotropy of the Gaussian random sphere geometry.
The radius vector of the Gaussian random sphere is defined in spherical coordinates (r, , ) as a
where a is the mean radius, the relative standard deviation of radius, s the so-called logradius, ê r a unit vector pointing outward in the direction (, ) in spherical coordinates, and Y lm the orthonormal spherical harmonics with degree l and order m. For s(, ) to be real valued, the complex weights s lm are subject to conditions
where the asterik denotes a complex conjugate value. The real and imaginary parts of s lm are independent Gaussian random variables with zero means and variances
where c l is the nonnegative weight of degree l in the Legendre polynomial expansion of the correlation function of logradius C s . The covariance function of logradius ⌺ s is related to C s by
where ␥ is the angular distance between directions ( 1 , 1 ) and ( 2 , 2 ), and P l is the Legendre polynomial with degree l. Therefore, each s lm depends only on the c l of the same degree, making the Legendre polynomial expansion of the correlation function a convenient way of controlling the weights for spherical harmonics defining the shape of the Gaussian random sphere. In practice, the infinite expansions in (2) and (4) are truncated at some l max that guarantees sufficient accuracy. For larger values of l max smaller details in the angular direction model shapes can be represented. The covariance function of radius,
Two of the c l have special meaning. The zeroth-degree term, c 0 , is pure size variation for the logradius, whereas c 1 is a pure translation, that is, variation in the location of the origin or the center point of the logradii. However, the size variation and translation in logradius statistics do not correspond exactly to those in radius statistics, as is evident from (5). Hence, c 0 and c 1 will have a minor effect on the shape. With the help of a Taylor expansion of the exponent function and (5), however, it is easy to see that ⌺ r ഠ ⌺ s as long as and hence ⌺ s are much smaller than unity. This implies that, in practice, c 0 or c 1 has little effect on actual shapes.
Statistics of radius are evaluated from the observed ice crystal images by means of the shape analysis described in section 3b. The same variance and correlation function apply for both three-dimensional shapes and two-dimensional intersections taken in a random plane that includes the origin. In practice, because of the isotropy of the Gaussian random sphere geometry, a fixed plane can also be used, and the equatorial plane is the easiest to use as in that plane the intersection is only a function of the azimuthal angle .
Although the correlation function can be defined by setting the values for c l individually, it is often practical to describe the correlation function in a simpler way. For example, in a modified Gaussian correlation function parameterization the correlation function is fully defined by a so-called correlation angle ⌫, which indicates the angular distance where the correlation has been dropped to e Ϫ1/2 or approximately 0.607 (Muinonen 2000b). In a power-law correlation function, on the other hand, c l follows a power law as c l ϰ l Ϫ , where is the power-law index and with c 0 ϭ c 1 ϭ 0, the exact values being subject to l max by the renormalization given in (4) (Muinonen 2002) . The appropriate value for l max depends on in a way that has not been established and thus needs to be tested for each case. For values Ͻ 4.0 the geometry is fractal (Nousiainen et al. 2003) and therefore the convergence of the series expansion is not guaranteed.
b. Shape analysis
The statistical shape analysis is based on ice crystal images obtained during spiral descents (see section 2) and illustrated schematically in Fig. 2 . To obtain crystal shapes, a contour that defines the two-dimensional projection, or a silhouette, of each ice crystal was extracted using slight modifications to the technique described by Nousiainen et al. (2003) . Each image was divided into a particle and a background based on a user-specified threshold color (shade of gray) that is unique to each crystal. This image was compared to the original to make sure the particle boundary lies in a correct place. Then the perimeter was extracted. Unlike Gaussian random spheres, real particles do not have an origin that could be used as a center point for the extracted perimeters. A center point is nevertheless needed because the perimeter must be described as a function of angle for the computation of shape statistics. A center-of-mass point was considered as a most logical choice for this origin and was therefore used.
If the extracted shape was starlike, the perimeter was discretized with 1Њ resolution. A shape is starlike if a straight line from the origin in any direction intersects with the particle perimeter only once; this is illustrated in Fig. 3 . Both shape of the particle and location of the origin matter in determining if a shape is starlike. A center-of-mass point chosen as an origin is more likely to provide a starlike shape than an origin closer VOLUME 61
2. Schematic illustration of the statistical shape analysis. The portion inside the dashed line is run separately for each ice crystal image, whereas the rest of the diagram applies for an ensemble of extacted perimeters.
FIG. 3. Schematic illustration of a starlike shape. (left)
The shape is starlike because the straight line leaving from the origin (small black circle) in any direction intersects the particle perimeter only once; (right) the origin is located differently and the outcome is a nonstarlike shape. to a perimeter would. Nonstarlike shapes are not compatible with the Gaussian random sphere geometry or the shape analysis, so they could not be used in subsequent analysis unless adjustments were made. If the deviation from the starlike shape was judged to be minor, that is, caused by a small spike or a dent in the perimeter, a three-point floating averaging was used to smooth the crystal until the starlike condition was reached. The effect of the smoothing on the shape was then subjectively evaluated and the smoothed shape was only used if it was considered to closely resemble the original shape. Otherwise, the image was discarded. Only a small portion of images required smoothing and few were discarded. After contours for the particle perimeters had been determined, the statistical shape analysis was performed to obtain the covariance function of radius for the ensemble of particle perimeters. This function describes the covariance of the lengths of radius vectors as a function of angle ␥ between the vectors and is computed in the following way. For each particle perimeter, a covariance between r and r ϩ␥ is computed, where r is the length of a radius vector at a polar angle and ␥ is the angular distance between two vectors. The process is repeated for all particle perimeters to obtain the en-
semble average. A resolution of 5Њ was used for computing the covariance function, so values of 0Њ, 5Њ, 10Њ, 15Њ, . . . , 180Њ were used for ␥. Since the covariance between r and r ϩ␥ is identical to that between r ϩ␥ and r , the covariance for angles between 180Њ and 360Њ correspond to those of 360Њ Ϫ ␥. Naturally, covariance at ␥ ϭ 0Њ equals variance 2 . The correlation function of radius was then converted into one of logradius by applying (5). This was necessary as the Gaussian random sphere geometry requires the correlation function of logradius as an input. A general linear least squares fitting algorithm was used to fit a Legendre polynomial expansion to the retrieved correlation function to obtain the values of c l . It is pointed out that the covariance function of logradius could be inverted directly by taking a natural logarithm from the radii before the computation of the covariance function. This approach, however, does not allow the normalization of individual particles to make their weight the same in ensemble-averaged statistics. Therefore, here a route where the radius statistics are retrieved first is adapted.
c. Scattering model
Single-scattering properties of quasi-spherical ice crystals were computed at a wavelength of ϭ 550 nm. The radii r of the ice crystals range from about 8 to 90 m (see Table 1 ), so the size parameter x ϭ 2r/ ranges from about 90 to 1000. Given these size parameters, the ray optics approximation (ROA) is sufficiently accurate for the scattering computations and is well suited for handling the irregular shapes of the studied particles.
The geometric optics part of the ROA was solved with a discretized Monte Carlo ray-tracing model for the Gaussian random sphere geometry (Muinonen 2000a; Nousiainen et al. 2003) . A scatterer was described with a triangle mesh that is fine enough to represent the particle shape accurately for scattering computations: 100 triangle rows in direction and 20 000 triangles for the whole three-dimensional shape were used. For diffraction, two approaches were used: The first approach was a simple delta spike diffraction, where all diffracted energy is assumed to scatter exactly in the forward direction. The benefit of this approach is that it does not require any computations, yet is expected to be a good approximation even for small ice crystals (Macke et al. 1996b ). This approach was used in sensitivity tests. When the final scattering computations for ice crystals were carried out, diffraction was solved using a Kirchhoff approximation (Muinonen et al. 1996; Jackson 1975) . When single sizes were used, a narrow lognormal size distribution corresponding to the variance of radius in the obtained shape statistics was introduced to smooth out the secondary maxima from the diffraction pattern for cleaner plotting. The effect of this smoothing on the asymmetry parameter is minimal.
The single-scattering quantities of most interest were the phase function P 11 and the asymmetry parameter g. The phase function, which is one element of the so-called phase matrix P, describes the intensity of scattered radiation for unpolarized incident light. Here P 11 is a function of scattering angle s , which is defined to be the angle between the direction of propagation of incident and scattered light (Hansen and Travis 1974; Bohren and Huffman 1983) . The other phase matrix elements are connected to different polarization relations and are not considered here except for the ϪP 12 element, which is the degree of linear depolarization for unpolarized incident light. The asymmetry parameter is defined as
where ⍀ is the solid angle. The asymmetry parameter equals 1 when all radiation is scattered in the forward direction, 0 when the flux of scattered energy is equal in forward and backward hemispheres, and Ϫ1 when all the energy is scattered exactly in the backward direction. Computations of the asymmetry parameter are useful for large-scale models or other similar applications where the computational demands allow only the consideration of radiative fluxes instead of the angular distribution of radiative energy (e.g., Ebert and Curry 1992; Fu 1996; Kristjansson et al. 1999; McFarquhar et al. 2002) . When the angular distribution is of interest, such as when satellite or aircraft observations are interpreted, phase functions are needed (e.g., Baran et al. 1999 ).
In the ROA, P 11 and g are defined as
11 sca 11 sca 11 where ͗A͘ is the ensemble-averaged cross-sectional surface area [i.e., an ensemble-averaged surface area of projections (silhouettes) of the three-dimensional particles], and ext and abs are the extinction and absorption cross sections, respectively. A refractive index of m ϭ 1.31 ϩ i0.0 was used in scattering simulations. The birefringence of ice was not taken into account as it has been shown that the effect of briefringence of ice at visible wavelengths on the ray optics phase functions is insignificant, although it can modify other phase matrix elements noticeably (Takano VOLUME 61 and Liou 1989). It was also assumed that the ice crystals are free of impurities, including air bubbles. Macke et al. (1996a) showed that impurities are not important for scattering unless they are abundant. Effects of larger spherical inclusions on scattering by ice crystals have been studied by C. -Labonnote et al. (2001) .
Results and discussion

a. Testing the inversion
Several tests were performed using the shape inversion method to make sure it works as intended and to establish the sensitivity of the inversion to different factors. For the tests, six different input statistics were used to generate sets of single realizations of the Gaussian random sphere. The shape statistics for these test sets are based on the power-law correlation function (see section 3a), with parameter values given in Table 2 . The parameter values, which are based on preliminary analyses and trial and error so that all the sensitivity tests could be carried out using the same test sets, are selected to produce test sets with shapes varying from nearly spherical (case A) to moderately irregular (case F). Each set of images consists of 999 random realizations. An example realization of the Gaussian random sphere for each set is shown in Fig. 4 . These example shapes, as well as the whole test sets, have been generated using the same set of random numbers, so all differences in the shapes are a result of different weighting to the spherical harmonics coefficients s lm due to the different shape statistics used.
The power-law correlation function was chosen for testing purposes because it causes minimal size and translation (change in the location of the origin) variation, because it has been shown to apply well to many natural irregular shapes (e.g., Muinonen 1998; Nousiainen et al. 2003) , and because a preliminary analysis indicated it might also be applicable to quasi-spherical ice crystals. When the translation of origin is minimal, the shapes generated are more likely to be starlike when a center-of-mass origin is used instead of the true origin; this was beneficial especially for the limited-resolution tests described in section 4a(3).
1) ACCURACY OF INVERSION
The first test was to verify that the inversion method works as intended. Hence, we used it to retrieve statistics from the equatorial intersections of the computer-generated test particles introduced in the previous section. Since the test shapes were computer generated, their origins were known, unlike in the case for real particles for which an appropriate center point must be chosen. To test the inversion algorithm with as unbiased test data as possible, the known origins are used here; the use of center-of-mass origins for imaged particles is discussed later in this section. The retrieved shape statistics matched the input statistics very closely: the difference between the input and retrieved correlation functions were always smaller than 0.015 and the difference in were smaller than 0.0013.
During the test of the inversion, it was noted that the values of the c l can be retrieved accurately only when they are not too small. This is quite reasonable: successful inversion requires sufficient signal-to-noise ratio. The c l with values larger than about 0.01 were retrieved reliably, whereas accuracy dropped for smaller values. The threshold value of 0.01 for the accurate retrieval may not be universal in that it would hold for an arbitrary covariance function or any degree l, but it worked well for the test cases and degrees of up to l ϭ 15 used here. Thus it was adapted for the purposes of this study as a threshold value for accurate retrieval.
Because the location of the origin cannot be immediately identified from real ice crystal images, tests were performed to see if the shape statistics could be accurately retrieved relative to the center of mass of each two-dimensional shape. A separate test was also performed to determine if the average radii of individual particles could be normalized to unity to eliminate the size variation since this would assure that all realizations account to the overall shape statistics with the same weight. Model shapes based on the power-law correlation function were used, so the size variation and the displacement of the origin are minimal, but it does not mean they are nonexistent. In part, this is because of the minor differences between radius and logradius statistics (see section 3a for details), but the dominating factor follows from the fact that there is also some size variation in random intersections even when the mean size of each three-dimensional shape was identical. For example, an equatorial intersection for a prolate-spheroid-like shape would have an average radius much smaller than that for the whole particle, whereas for an oblate-spheroid-like shape the opposite would be true. Similarly, the center-of-mass point for a random intersection can move away from that for the whole particle due to, for example, nonaxisymmetric spherical harmonics. When individual intersections are normalized, this additional size variation is eliminated as well as the variation arising from the c 0 term of the correlation function. In the same way, the use of the center-of-mass point for intersections removes the additional translation.
Indeed, when statistics from normalized intersections with center-of-mass origins were retrieved, negative c 0 up to Ϫ0.293 and c 1 up to Ϫ0.102 were obtained, where-
N O U S I A I N E N A N D M C F A R Q U H A R FIG. 4. Example realizations of the
Gaussian random sphere based on the test case shape statistics: (a) the test case A shape statistics, and so forth, so the rows have the same correlation functions and the columns have the same . Exact statistical parameters for each case can be found in Table 2. as the other c l were retrieved properly. In addition, the retrieved variances were too small. Negative values for c 0 and c 1 are both unphysical and incompatible with the Gaussian random sphere geometry, but there is a simple fix: forcing the retrieved c 0 and c 1 to zero. Since these terms have minimal effect on shape as long as is small (see section 3a for details), it is acceptable to do so. This also fixes the problem with too small variance because it was affected by negative c 0 and c 1 . It is noted that, if c 0 and c 1 were nonzero in the original statistics, setting c 0 and c 1 zero in the retrieval would not lead to the original variance, but this is as it should be, because part of the original variance would then be attributed to the size variation and translation. The variance attributed to the shape variation would still be retrieved correctly.
2) SILHOUETTES VERSUS INTERSECTIONS
As described in section 3a, the shape statistics for the Gaussian random sphere geometry apply to both the three-dimensional shape and the intersections in a plane, including the origin. The images of the ice crystals measured by the CPI are neither three-dimensional shapes nor intersections. Instead, they are silhouettes, meaning that they are projections of the three-dimensional shape VOLUME on a random plane due to the random orientation of the particles considered. The relation between shape statistics of intersections and silhouettes is not known, and it is unlikely that a simple analytical relation exists. It is, however, possible to study the difference between these statistics by generating three-dimensional shapes and their silhouettes and then computing the shape statistics for the silhouettes and comparing them against the input shape statistics used to generate the original three-dimensional shapes. Unfortunately, it is far from straightforward to do the inverse, that is, obtaining intersection shape statistics from given silhouette statistics. It appears that this can only be done indirectly by computing silhouette shape statistics from different three-dimensional shapes until the desired statistics are found. To determine whether or not the statistical differences between intersections and silhouettes are significant, the test cases introduced in section 4a(1) were used to study how the intersection and silhouette shape statistics differ for different shape statistics. Example intersections and silhouettes based on test sets D, E, and F are shown in Fig. 5 . The differences between intersections and silhouettes for test sets A, B, and C are not shown because the differences were much smaller. The values of retrieved for the test statistics are shown in Table 3 . Silhouettes were found to have systematically smaller than intersections, the difference being generally larger than the effect caused by normalization of individual realizations (see section 4a (1)]. This is good in the sense that it is easier to compensate for a systematic error, but bad in the sense that such errors do not cancel out. The uncertainties of the values given in Table 3 due to the limited sample size were estimated using a bootstrap method (Press et al. 1992) , whereby a large number of synthetic datasets are created from the actual dataset by means of random selection and replacement. The procedure is simply to randomly select N samples from the actual datasets with replacement, where N is the number of samples in the actual dataset, so that multiple selection of any sample is possible. By computing the shape statistics for each synthetic dataset, an uncertainty in the retrieved values can be estimated. By using 100 synthetic datasets, a standard deviation of about 0.001 was obtained for all in Table  3 . Therefore, the random errors in the retrieved are quite small. It is noted that the retrieved are smaller than the original values of 0.08 and 0.16, even when unnormalized intersections are used. Based on the bootstrap evaluation, the values for retrieved are about one standard deviation smaller than the mean, which is acceptable given random variations. The difference is similar in each test case because all cases are based on the same random numbers.
J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S
The correlation functions for silhouettes and intersections were very similar, especially when the c 0 and c 1 terms were not considered, as they are not important for crystal shape. Detailed analysis on the individual c l did not reveal any obvious general differences between intersections and silhouettes; rather, the differences seem to depend on the correlation function used.
Hence, the difference in shape statistics of intersections and silhouettes is mainly in as opposed to the correlation function. This can be seen from Fig. 6 , which shows the differences in the covariance and correlation functions for the test case F, which produces the most strongly deformed spheres of all test datasets and for which the differences between the shape statistics of silhouettes and intersections are largest. Besides shape statistics, there is a systematic difference in the surface areas of intersections and silhouettes: silhouettes are never smaller than intersections and usually somewhat larger.
The effect of the difference between intersections and silhouettes on the phase functions and the degree of linear polarization for incident unpolarized light are illustrated in Fig. 7 for test cases A and F. The test case A( ϭ 0.08, ϭ 6.0) gives nearly spherical particles and very small differences between intersections and silhouettes, whereas the case F( ϭ 0.16, ϭ 2.0) statistics produce moderately rough shapes and more pronounced differences between intersections and silhouettes. The differences in the asymmetry parameters for silhouettes and intersections are also very small in both cases, with values of 0.863 and 0.865 for intersections and silhouettes in case A and 0.753 and 0.752 for case F. The differences for the linear polarization are somewhat larger than those for the phase function, but are unlikely to be important for most practical applications.
3) EFFECT OF LIMITED RESOLUTION
The effect of the resolution of images on the retrieved shape statistics was tested using the resolution of the observed crystals as guidance. Images with varying resolution were generated from equatorial intersections of the test set particles introduced in section 4a(1) by placing grids with varying dimensions on the particle perimeters and defining the particle perimeter using the grid points inside the actual particle perimeter. Centerof-mass points were used as origins for defining the perimeters. Four different resolutions of 2, 4, 6, and 8 ppa (pixels per mean radius a) were used to generate the discrete grids. The effect of varying the resolution on the particle shapes is shown in Fig. 8 . Note that these resolution tests also provide information about the minimum crystal size for which this analysis applies since smaller ice crystals have their boundaries represented by a lower number of pixels.
As mentioned previously, the process of generating limited-resolution images from model shapes sometimes led to nonstarlike shapes. Somewhat surprisingly, the probability of a model shape becoming nonstarlike increased with increasing resolution. However, only two test sets had this problem: for case E, a resolution of 6 ppa made 1 shape out of 999 nonstarlike; for case F, a resolution of 4 ppa made 22 shapes nonstarlike, a resolution of 6 ppa, 50 shapes, and a resolution of 8 ppa 74 shapes. As such cases were exceptions, a three-point floating average was used to smooth the perimeter until it was starlike. While finer resolutions required more frequent smoothing, less smoothing was required to make them starlike. The overall effect of smoothing on the retrieved shape statistics was found to be minimal.
The effect of limited resolution on the retrieved shape statistics is illustrated in Fig. 9 . The resolution of 2 ppa is obviously insufficient for retrieving shape statistics accurately, regardless of input statistics; this resolution is simply too rough to describe shapes with sufficient accuracy. The resolution of 4 ppa worked better, with the retrieved covariance functions being satisfactory except close to 0Њ for the cases with small variance (cases A, B, and C). For cases with large variance (D, E, and F), the limited resolution had less of an impact. Resolutions 6 and 8 ppa provided shape statistics nearly identical to the original input statistics. The results clearly show that accurate retrieval is more difficult for small rather than large . This is because limited resolution causes additional variation in the particle perimeter. If the original variance is small, the noise caused by limited resolution easily dominates the original signal. The limited resolution also affects the correlation function. For very rounded particles, correlation decreases slowly with increasing angular distance, but due to the limited resolution additional variation is introduced, hence decreasing the correlation. For more irregular particles, this is less of a problem because the correlation decreases faster as a function of angle.
The fact that the shape analysis of surprisingly lowresolution images results in accurate retrieved shape statistics is likely to be due to the fact that sharp corners average out in the computation of correlation. Thus, the inability of the Gaussian random sphere geometry to describe angular shapes is advantageous when low-resolution images are considered. Considering the resolution of the CPI, 2.3 m, particles with radii smaller than 10 m are likely to bias the retrieved statistics. The exact lower limit for usable size depends obviously on the desired accuracy of the retrieved statistics. It is also noted that the limited resolution is not the only factor degrading the information content of real CPI images. Factors like out-of-focus particles as well as effects caused by diffracted and transmitted light are likely to affect the retrieval to some degree. These factors are not considered here as it would require modeling the whole instrument and knowledge of the exact position of the ice crystals within the sample volume. For low-resolution images, as well as more angularly shaped crystals, a shape analysis similar to that described in Penttilä et al. (2003) might also prove useful. The effect of varying resolution on scattering is illustrated in Fig. 10 . It is seen that a good resolution is much more important for nearly spherical particles (as represented by the test case A) than for moderately irregular particles (as represented by the case F). For the nearly spherical particles, the scattering phase functions are starting to converge to a constant function at the finest resolution of 8 ppa, whereas convergence is obtained at coarser resolution for the moderately irregular particles. The impact of resolution on the asymmetry parameter g can also be seen: g varies from 0.776 (2 ppa), 0.795 (4 ppa), 0.837 (6 ppa), to 0.855 (8 ppa) for case A, whereas for case F it varies from 0.763 (2 ppa), 0.753 (4 ppa), 0.754 (6 ppa), to 0.755 (8 ppa). These values of g have been calculated under the assumption of a delta-spike diffraction.
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b. Analysis of ice crystal images
To study the size dependence of ice crystal shapes and their related scattering properties, the base dataset of ice crystal images was divided into four size ranges. The size ranges used are given in Table 4 together with a characterization of the ice crystal shapes derived from the observed silhouettes. The shape statistics were computed without trying to find the corresponding intersection statistics, because the sensitivity tests indicated that there would be little differences in the calculated properties. In addition, the tests showed that most of the differences between silhouette and intersection statistics lie in the value of , which is most sensitive to the limited resolution and thus subject to additional uncertainty.
The shape analysis revealed that the correlation functions for quasi-spherical ice crystals are very close to power-law correlation functions in all size ranges. This is illustrated qualitatively in Fig. 11 , where c l retrieved from two test cases and two ice crystal size ranges are plotted. The test cases are based on the power-law cor- relation function, which shows up as a linear dependence of c l on l when plotted in logarithmic coordinates. The values of c l retrieved from ice crystal samples also show a linear dependence on l to a good approximation. To find out quantitatively how closely the retrieved correlation functions follow a power law and to obtain the best-fit parameters, a linear least squares fit of ln(c l ) against ln(l) was performed. Because the values of c l above degree 10 are somewhat unreliable and because the best-fit parameters turned out to depend significantly on the range of c l used in the fitting, two values are given in Table 4 : one where all retrieved c l (up to degree 15) are used, and another for c l with degrees only up to 10. The range of one standard deviation uncertainty for the retrieved shown are computed under the assumption that the power-law correlation function is a good model for the observed correlation functions (Press et al. 1992) . Obviously, varies much less between different size ranges when only the reliably retrieved c l are used in the fitting. It is also noted that (Press et al. 1992) . Finally, Table 4 gives the retrieved relative standard deviations for the different size ranges.
The retrieved size-dependent covariance and correlation functions for the ice crystal size ranges are shown in Fig. 12 . The covariance function for the smallest particles (RA) has much larger than the three larger particle size ranges. The way RA differs from the others is very similar to the way the lowest-resolution case differed from others in the limited-resolution tests [see section 4a(3), Fig. 9 ], indicating that the shape statistics for the RA size range are somewhat affected by insufficient image resolution. The covariance functions for larger particles (RB to RD) are rather similar to each other and do not show any clear systematic trends with size. The correlation functions have somewhat larger differences between these three different size ranges but, again, no clear systematic trends with size is seen.
The scattering simulations based on the shape statistics retrieved from different size ranges, shown in Fig.  13 , clearly demonstrate that the small differences in the retrieved shape statistics for the different groups are not significant for scattering. Indeed, the phase functions are practically identical even for the smallest particles (RA), which had substantially larger than for the other three size ranges. The asymmetry parameters range from 0.764 to 0.767, the differences being negligible given other uncertainties. Because differences in the shape statistics show no systematic variation with size and because the differences are too small to result in notable differences in the shortwave single-scattering properties of the small, quasi-spherical ice crystals, a general set of shape statistics is suggested for the complete size range of interest, namely for radii between approximately 5 and 50 m. For this first approximation, the power-law correlation function of logradius with ഠ 2.9 and the relative standard deviation of radius ഠ 0.17 is suggested. The value of has been increased slightly from the values given in Table 4 because silhouettes have been used in the retrieval and this suppresses slightly, as shown in section 4a(2).
The value of l max to be used for the general shapes statistics is somewhat more uncertain. Although c l up to degree 15 have been retrieved here, it happens that the values for degrees from about 10 to 15 are too small to be retrieved accurately, yet they have some effect on the shape statistics. It is noted, however, that these c l seem to be reasonably close to the same power-law relationship, so applying the power-law correlation function at least up to l max ϭ 15 seems acceptable. The accurate retrieval of the high-degree terms from silhouettes is problematic in general, because the small-scale features that high-degree terms cause on the shape sim- ply will not show up well in silhouettes. This resembles looking for the holes of a golf ball from its shadow image. In addition, the values of smaller than 4 indicate a fractal shape, and in theory this means that adding new terms in the correlation function will always introduce changes in the shape. As shown below, however, the practical effect is small, at least within the parameter values tested here. Therefore, a value of l max ϭ 15 for the general shape statistics is suggested.
Example three-dimensional realizations of model particles based on the suggested shape statistics, along with their equatorial intersections and corresponding silhouettes, are shown in Fig. 14. The case with l max ϭ 15 can be considered to correspond to the retrieved shape statistics, whereas the case l max ϭ 25 has some artificial small-scale roughness added by introducing higher-degree terms in the correlation function. It can be seen that there is a good resemblence between these model particles and the observed ice crystals shown in Fig. 1 . This strongly suggests that the inversion method used here is adequate.
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13. The size dependence of the ray optics phase function P 11 based on retrieved shape statistics of ice crystals from different size ranges. For diffraction, a particle radius of 10 m has been used. crystal shape statistics with ϭ 2.9 were performed. Due to the uncertainties involved in the values of and l max , they were considered free parameters and their effect on scattering was studied. The value of was varied in the neighborhood of the best-guess value as indicated by the inversion tests in section 4a and the varying values of retrieved from different size ranges of ice crystals, whereas the value of l max was simply increased from 15.
The effect of varying on the scattering phase function is shown in Fig. 15 . Obviously, scattering is most sensitive to the value of at side-scattering angles, where increasing increases the scattered energy. On the other hand, increasing decreases scattering near the backscattering direction ( s ∈ [150Њ, 180Њ]) and in the forward hemisphere around ( s ϭ 30Њ). As a consequence, the asymmetry parameter is not significantly affected by changes in . For the values of 0.13, 0.17, and 0.21 for , the asymmetry parameters were 0.776, 0.764, and 0.765, respectively. It is noted that the insensitivity of g on is not typical. Instead, previous studies using the Gaussian random sphere geometry indicate that usually the increasing decreases g, altough exceptions are noted also in these studies (Muinonen et al. 1996; Nousiainen and Muinonen 1999) .
The effect of varying l max on scattering is shown in Fig. 16 , which indicates that increases in l max from 15 have only a weak effect on scattering. The asymmetry
15. The dependence of ray optics phase function P 11 on . Statistical parameters of ϭ 2.9 and l max ϭ 15 have been used, and diffraction is computed using a particle radius of 10 m. FIG. 16 . The dependence of the ray optics phase function P 11 on l max . For diffraction, a particle radius of 10 m is used.
FIG. 17. Comparison of scattering phase functions for differently shaped ice crystals at wavelength 550 nm. For pristine ice crystals, maximum dimension of 60 m has been used, whereas for Mie, Chebyshev, and small quasi-spherical particles a mean radius of 27.5 m is adapted. For comparison, the phase function for the quasi-spherical ice crystals is included in both panels. parameters corresponding to l max values of 15, 25, and 35 are, respectively, 0.764, 0.761, and 0.756. There seems to be a convergence toward g ഠ 0.755 when l max is further increased (up to 85), even if more triangles were used to describe the shape in the scattering calculations so that smaller-scale features would be possible. This indicates that scattering from shapes described by this fractal geometry converges toward a limiting value. It is emphasized, however, that particles with very small scale surface roughness can easily violate the assumption of the ROA that the particle surface can be considered locally a plane for traced light rays, so the prediction of convergence is obviously limited to cases that satisfy the assumptions of the ROA. Figure 17 compares the scattering phase function computed using the Gaussian random sphere model for quasi-spherical ice crystals based on the suggested shape statistics with ϭ 2.9, ϭ 0.17, and l max ϭ 15 against phase functions calculated for other ice crystal shapes at the same wavelength, namely Chebyshev particles , spheres using Mie theory, and other shapes including hexagonal columns, hollow columns, bullet rosettes, and aggregates . All the computations are carried out for the wavelength 550 nm. Particle sizes for pristine ice crystals are given as maximum dimension, for which a value of 60 m has been selected, whereas Mie, Chebyshev, and quasi-spherical ice crystal simulations are based on a mean radius of 27.5 m. How closely different particles have equal sizes depends on their shapes and whether they are compared with respect to their volumes, total surface areas, or average projected surface areas; nevertheless they are similar enough for the purpose of this comparison.
It is seen that Mie spheres have the scattering phase function clearly different from the other particles that are all nonspherical. The phase functions for quasispherical ice crystals and Chebyshev shapes are the only ones lacking spikes associated to halos. From non-quasispherical particles, the aggregates are closest to the phase function of quasi-spherical ice crystals, but all shapes are superior to spheres in approximating scat-
18. Plot of g grs /g Cheby as function of g Cheby . Asymmetry parameters for measured ice crystal distributions calculated by weighting single-scattering properties of each size and shape crystal by scattering cross section and measured number concentration . Yang et al. (2000) scattering libraries characterize scattering properties of crystals larger than 100 m, and Gaussian random spheres (g grs ) and Chebyshev polynomials (g Cheby ) used to characterize scattering properties of smaller quasi-spherical crystals.
tering by the quasi-spherical particles. From a climate modeling perspective, the most important element is how much the calculated asymmetry parameters, given in Fig. 17 , vary between the different cases. In this respect, best approximations for quasi-spherical ice crystals are the aggregates, followed by columns and bullet rosettes. Only then comes the Chebyshev particles, which scatter relatively weakly to the backscattering hemisphere and consequently have rather large asymmetry parameter, although the overall structure of their phase function is very similar to that for quasispherical ice particles. The Mie spheres are worse by far to describe scattering of small, quasi-spherical ice particles also when judged by the asymmetry parameter. This is yet another indication on how dangerous it is to model even quasi-spherical particles using spheres.
c. Impacts of random sphere geometry
Assumptions about crystal shapes and sizes have major impacts on the amount of solar radiation reflected by cirrus. Given that over 80% of crystals measured in the cirrus over the SGP site during these spiral descents were identified as quasi spherical by an automated shape classification algorithm, developed by SPEC, Inc., any changes in the representation of the shapes of such small quasi-spherical crystals are likely to have large impacts on radiative fluxes and cloud feedbacks. Although calculations of the single-scattering properties of these quasi-spherical crystals are not presently available at all solar wavelengths, the importance of changes suggested here can be assessed by determining how much asymmetry parameters in the McFarquhar et al. (2002) parameterization, at visible wavelengths, change when the random sphere geometry is used to represent the quasispherical particles instead of the Chebyshev polynomials previously used. Because the same size distributions are assumed, this definitively shows the effects of varying the shapes of the small crystals. Figure 18 shows how assumptions about the quasisphere geometry affect the calculation of a bulk asymmetry parameter, computed by weighting single-scattering properties of each size and shape crystal by the appropriate number concentration and scattering cross section. Contributions of both large and small crystals are included. In Fig. 18 , g grs indicates that small quasispherical crystal asymmetry parameters are computed from the random sphere geometry and g Cheby , from expansions of Chebyshev polynomials. On average, for the size distributions measured in tropical clouds, g Cheby is 4.2 Ϯ 1% larger than g grs . Vogelman and Ackerman (1995) showed that, to obtain the flux accuracy criteria of Ϯ5% that they identified as significant for climate studies, for asymmetry parameters around 0.80, accuracies in the asymmetry parameter of better than 2% and 5% are needed for optical depths of 12 and 2, respectively. Thus, differences between using a random sphere geometry and an expansion in terms of Chebyshev polynomials to describe the single-scattering properties of quasi-spherical crystals are significant for climate issues. Similar observations of these small quasi-spherical crystals are required in tropical clouds to assess whether these differences are caused by actual differences in shapes of midlatitude and tropical quasispherical ice crystals, or by differences in the imaging methods of the CPI and video ice particle sampler (VIPS), since the Chebyshev polynomials used to describe the small crystal shapes in the McFarquhar et al. (2002) parameterization were based on observations from the VIPS. A future study will also report on the scattering properties of these quasi-spherical properties at wavelengths in the near infrared, properties that cannot be calculated with the geometric optics used here.
Conclusions
Quasi-spherical particles with maximum dimensions less than approximately 100 m are frequently observed in cirrus clouds sampled under a wide variety of conditions and, hence, occur in sufficient numbers to be important for determining the radiative properties of such clouds and the overall energy balance of the earth. Using high-resolution images of ice crystals measured in cirrus by a Cloud Particle Imager (CPI), a statistical shape analysis was performed to compile size-dependent shape statistics for these quasi-spherical irregular particles. A Gaussian random sphere geometry was then used to generate random model particles obeying the retrieved shape statistics to study the single-scattering properties in the ray optics approximation at wavelength 550 nm.
The most important findings of this study can be summarized as follows: N O U S I A I N E N A N D M C F A R Q U H A R 1) The statistical shape analysis suggests that the overall shape of small quasi-spherical particles is not strongly size-dependent, at least in the radius size range of about 10-50 m considered here. 2) The uncertainties involved in the method used for inverting the overall crystal shapes into Legendre coefficients of the correlation function do not have significant impacts on the derived shapes or calculated single-scattering properties. 3) Analysis of observed crystal images suggests that a power-law correlation function of logradius with ϭ 2.9 and l max ϭ 15, and a relative standard deviation of radius ϭ 0.17 characterizes the input parameters for the Gaussian random sphere geometry to a first approximation. 4) Quasi-spherical ice crystals have smooth phase functions, which do not give rise to halos. The asymmetry parameter of approximately 0.76 is comparable to those for aggregates of pristine particles, somewhat smaller than g ϭ 0.800 that was obtained in previous studies where these particles were represented by Chebyshev polynomials and much smaller than g ϭ 0.885 for spheres.
The general shape model of the quasi-spherical ice particles suggested here should be quite useful and of sufficient accuracy for most applications. It is very useful for calculating single-scattering properties for largescale models because statistical information about observed ice crystal shapes is used. The single-scattering simulations with the ROA indicate that quasi-spherical ice crystals have asymmetry parameters around 0.76 at solar wavelengths. This should apply to most quasispherical ice crystals with radii about 10 m or larger, as diffraction is closely confined to the forward scattering direction for all such particles and absorption inside particles is too weak to be important for scattering. As particle size decreases from 10 m, ray optics starts to be increasingly inaccurate at visible wavelengths and other means of computing the single-scattering properties need to be considered using the shape models derived here.
